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them turn out to have even lower CMB correlations on large angles than the Poincare 
dodecahedron. 
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1. Introduction. 

In this paper we investigate the statistical properties of the cosmic microwave 
background (CMB) anisotropics on large separation angles that arise in certain kinds 
of double-action manifolds. The models require a spherical 3-space S 3 but we mostly 
restrict our analysis to almost flat spaces corresponding to a total density Qtot in the 
range f2 tot = 1.001, 1.05. The multiconnected spaces that exist in the spherical 
3-space S 3 can be classified with respect to three categories of spherical 3-manifolds. 
The criterion is based on the kind of two subgroups R and L which lead to the deck 
group which in turn defines the spherical 3-manifold. The subgroups R and L act as 
pure right-handed and left-handed Clifford translations, respectively. The first category 
consists of the single-action manifolds in which only one of the subgroups R and L acts 
non-trivially. The double-action manifolds, the second category, are generated by both 
subgroups R and L such that each element of the former group is combined with each 
element of the latter group. The third category, the linked-action manifolds, are similar 
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to the second one, except that there are rules specifying which elements of R and L can 
be combined such that a manifold is obtained instead of an orbifold. For more details 
on the three categories, see pQ. 

The single-action manifolds are the simplest with respect to an analysis of the 
statistical CMB properties, since they are independent of the position of the CMB 
observer within the manifold. Such manifolds are called homogeneous. This contrasts 
to the other two categories where the ensemble average of the CMB statistics depends 
on the observer position, in general, and a much more involved analysis is required for 
these inhomogeneous manifolds. 

The aim of this paper is to close a gap that is left by our previous publications [21 13] 
which cover some of the possible double-action manifolds. A survey of lens spaces L(p, q) 
is presented in [2|. The lens spaces L(p,q) have the amazing property that they have 
members in all three categories. While the spaces L(p, 1) are single-action manifolds, 
the lens spaces L(mn, q) which are generated by R = Z m and L = Z n with m and n 
relatively prime, are double-action manifolds. The remaining lens spaces belong to the 
linked-action manifolds so that members of all three categories are studied in [2]. This 
study leads to the result that lens spaces L(p, q) with q ~ 0.28p or q ~ 0.38p possess 
a pronounced suppression of CMB correlations on large angular scales compared to 
other lens spaces. The prism double-action manifolds, which are generated by a binary 
dihedral group R = D* and a cyclic group L = Z n , are investigated in [3], and at 
least three promising spaces are found. In the notation of [3J, the prism double-action 
manifolds are called DZ(p,n) where the letters indicate the subgroups R and L, and p 
and n are the group orders of D* and Z n . Three prism double-action manifolds with 
a remarkable large-scale CMB suppression are DZ(8, 3), DZ(16,3), and DZ(20,3). 
Because of these encouraging results the question emerges whether there are further 
interesting double-action manifolds. The double-action manifolds not covered in [2] and 
[3] are those generated by one of the three binary polyhedral groups R = T*, O* or 
I* and a cyclic group L = Z n . For these spaces we introduce the notation TZ(24,n), 
OZ(48, n), and 7Z(120, n). Thus, this paper is devoted to these spaces in order to close 
the gap with respect to the CMB properties of polyhedral double-action manifolds. We 
investigate all 20 polyhedral double-action manifolds which exist up to the group order 



The polyhedral double-action manifolds are generated by a cyclic subgroup L = Z n 
and one of the three binary polyhedral groups R = T*, O*, and /*, where the cyclic 
groups Z n have to fulfil gcd(24, n) — 1, gcd(48, n) = 1, and gcd(120, n) = 1, respectively. 
The generator g% = (1, <7&) of the cyclic group Z n is given by 



The binary polyhedral groups R = T*, O*, and I* have two generators g r \ = (g a i, 1) 
and g T 2 = (g a 2, !)• These two generators can be described by 



1000. 



g b = diag(e 



,+27ri/n 



27ri/n. 



(1) 
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using the spherical coordinates (r k ,9k,(fik), k = 1,2. The values of r k , k and <f) k given 
in table [1] determine the representation of the groups T*, O*, and I*. 



group R 


(n, U 0i) 


(t 2 , ^2, 02 ) 


T* 


(f,o,o) 


(|, arccos (|), 0) 


0* 


(f,o,o) 


(f, arccos (^),0) 


I* 


(f,o,o) 


(§, arccos (^),0) 



Table 1. These values of (ri , (9i , </>i ) and (t2,#2,</>2) determine the two generators in 
cq. (J2) for the binary polyhedral groups T*, O* , and I*. 



2. Eigenmodes on Double- Action Manifolds 

The CMB analysis on double-action manifolds requires the computation of the 
eigenmodes of the Laplace-Beltrami operator A expanded with respect to the spherical 
basis \j; I, m). The starting point is the abstract basis \j; m a , m b ) with 2j e No, \m a \ < j, 
and 1 771;, | < J) which can be written product 

\j;m a ,m b ) := \j, m a ) \ j, m b ) E SO(4, R) , (3) 

in an eigenbasis for the abstract generators J a = (J ax , J a y, Jaz) and J b = (J bx , J by, Jbz) 
of two Lie algebras on SU(2,C). The number j is related to the eigenvalue Ej of —A 
by Ej = 4j(j + 1) = f3 2 — 1, where /3 = 2j + 1 is the wave number. 

The eigenmodes of A have to satisfy the periodic boundary conditions imposed by 
the deck group. The eigenstates can be obtained by considering only the generators of 
the subgroups R and L. The generator (JT]) of the subgroup L = Z n acts as U 9l = e 1 ~ Jbz 
on \j; m a , m b ) which leads to the selection rule 

2m b = mod n . (4) 

■ 27T T 

A further restriction is obtained by the action U 9rl = e 1 ^ az of the first generator g r i, 
eq. ([2]), of the binary polyhedral group on \j\ m a , m b ) which requires for m a the selection 
rule 

m a = mod (5) 

with N = 3 for T*, N = 4 for O*, and = 5 for I*. The action of the second generator 
of the binary polyhedral group cannot be incorporated by such a simple selection rule. 
This contrasts to the corresponding relations for L(p, q) and DZ(p, n) which can be 
analytically solved leading to the results stated in [6] and [3]. Thus, the eigenstates 
have to be expressed by the ansatz 

\j;s,m b ) = 22 a m a \j^ m a,m b ) with 2m b = mod n . (6) 

m a =0 mod N 

The coefficients a s ma have to be determined from the system of equations obtained 
from the boundary conditions of the second generator g r2 where the solutions 
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independent of m b . The index s counts the linearly distinct solutions (E]) of that system 
of equations. 

With respect to the spherical coordinates (r, 9, 4>) the eigenmodes are given by 
i()fi£ m (T,9,<f>) := (r,9,(f)\j; s,m b ). Considering the action of the generator g r2 on the 
eigenmode ipp^ mb (r, 9 2 , 4> 2 ) with the values of #2 and </> 2 given in tabled], one obtains the 
transformed eigenmode ipfi£ mb (T + t 2 , 9 2 , 4> 2 ) in terms of the coefficients a s ma . This leads 
with i/)j£ mb (t, 9 2 ,cj) 2 ) — ^Pj^.mt ( r + r 2 ) ^2 > 02 ) = to a system of equations whose solution 
yields the coefficients a s ma . This system of equations has to be solved numerically as 
outlined in Appendix C and Appendix D , see also [HE]. To each eigenvalue Ej there 



exists r M ((3) eigenmodes which we denote as where i counts the degenerated 

modes. The wave number spectrum (3 as well as the corresponding multiplicities r M (/3) 
are given in table 1 in [3]. 

For the CMB analysis the expansion of the eigenmodes in the spherical basis 
\j;l,m) is required with respect to the observer position. To specify this position, 
the transformation t is introduced as 

/ cos(p) e +i « sin(p) e+* \ 
HP ' ' } \-sm(p)e-* cos(p)e- iQ J [) 

with p G [0, |], a,e G [0,27r]. The transformation t is defined as right multiplication. 
Applying this transformation to the position of the observer at the origin of the given 
coordinate system generates a set of new observer positions parameterised by p, a, and 
e. The expansion of the eigenmodes with respect to the new observer position is found 



to be (see |Appendix D[) 



2j I 
1=0 m=-l 

t) = J2(jm a jrh b \lm)a£ D^^r 1 ) (8) 

rhb 

with m a + mj = m , m a = mod A" and 2 m b (i) = mod n . 

The values of N are N = 3 for TZ(24,n), N = 4 for OZ(48,n), and N = 5 for 
7Z(120,n). Furthermore, (jm a jm b \lm) are the Clebsch-Gordan coefficients [7J, and 
Dl {t) are the Wigner polynomials 

: = (j,rh b \D(t)\j,m b ) = e^ + ^d^ mb {2p)e^^ . (9) 

With the coefficients ^(A4;t) the CMB statistics can be computed along the lines 
presented in [SJ E]- We give here only the part of the calculation which is needed 
in order to derive the minimal parameter range of (p, a, e) for which the whole CMB 
variability is exhaust. As shown in [HI E], the evaluation of a quadratic sum of the 
expansion coefficients ^(-^M) is required in order to compute the CMB statistics. 
This quadratic sum can be evaluated to 

1 l r"(fi) 
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1 l r"(P) 



^2(jm a jm b \lm) a 



s(i) -irh b (a-e) d l (_2p) 



">b 



(10) 



2/ 



— E 
+ i ^ 



^'<jm a j m - m a |Zm) <W e im " ^ d 3 n 



m—m a ,mij(i) 



-2p) 



where the prime at the sum over m a indicates that the summation is restricted by the 
selection rule (JSJ). The values of m&(i) have to be compatible with (j3J), of course. In 
the second step of ffTOl the summation over m fe is replaced by m a using fh h = m — m a . 
Since only the combination a — e occurs in the last equation, one can restrict the CMB 
analysis to a = const, or e = const, and nevertheless screens the whole CMB variability. 
In the following we set the coordinate e to e = 0. Furthermore, the sum is invariant 
under the substitution a — > a + 2ir k/N, k = 1, . . . , N — 1, because of the selection rule 
(J5]). This invariance reduces the necessary screening interval of a to a G [0, 2ir/N]. Since 
the complete variation of the d function is covered by the interval [0,7r], the complete 
observer dependence can then be analysed by the coordinates p G [0, vr/2], a G [0, 2n/N]. 

A further reduction of the p interval to p G [0,7r/4] follows from the invariance of 
the sum due to the transformation (p,a) — > (vr/2 — p, n/N + a). This invariance can be 
derived by using the relation d 3 m _ m ^ mb {2p - tt) = (-l)^ 2m6+ma ~ m cC_ ma _ mb (-2p) and 
by replacing the sum over rrib by a sum over —m^. 



An additional invariance is derived in |Appendix D| which states that the sum (flOl 
is invariant with respect to (a — e) — > —(a — e). When this invariance is with e = 
rewritten as a — > 2n/N — a the final screening intervals p G [0,7r/4], a G [0,n/N], 
and e = are obtained where all possible ensemble averages for the CMB statistics are 
encountered. 



3. CMB correlations on large angular scales 

In our previous investigations concerning double-action manifolds [21 |3], we analysed 
the CMB statistics in terms of the temperature 2-point correlation function 

C(ti) := (5T(n)5T(n')) with h ■ ti = costf , (11) 

where 5T(n) is the temperature fluctuation in the direction of the unit vector n. From 
the correlation function C^) the scalar statistical measure 

/•cos(60°) 

S := / dcostf \C($)\ 2 (12) 

Jcos(180°) 

is obtained [8] which is well suited to measure the suppression of CMB correlations 
on angular scales with $ > 60°. Since the considered multiconnected spaces are 
inhomogeneous, the correlation measure 5* depends on the observer position defined 
by the parameters (p, a). Of special interest is thus the minimum of the S statistics 
over the position parameters (p, a) 

. fS(a,p)\ . . 
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as a function of the total density fi tot . The minimum ( I13p is normalised to the 
corresponding statistics of the simply connected S 3 space in order to emphasise the 
topological signature. 

The correlation measure S has the advantage that it is a property of the system itself 
independent of the observed CMB correlations. However, it is nevertheless important to 
compare the CMB correlations of the double-action manifolds with the observed ones. 
To that aim the integrated weighted temperature correlation difference [9] 

! Var(C™^)) li4j 

is also analysed, where the cosmic variance is computed using Var(C($)) ~ 
Yli fr [Ci Pi (cos $)} 2 . Similar to the S statistics we also consider the minimum of 
the I statistics 

Imm(a,p) (^tot) = min{ aiP } /(«, p, fi tot ) (15) 

with respect to the model parameters. 

The polyhedral double-action manifolds can be considered as a dissection of one 
of the three polyhedral spaces with respect to a cyclic group. The three polyhedral 
spaces belong to the single-action spaces and are thus homogeneous. They are well 
studied in several previous papers starting with [10] which analyses the Poincare 
dodecahedral topology that is the binary icosahedral space X. A strong suppression 
of CMB correlations on large angular scales is found for this space at f2 to t — 1-02. 
This result is confirmed in [11] by using a much larger set of eigenfunctions for the 
computation of the CMB statistics. Further studies concerning this model can be found 
in [121 12 [131 U M US [ISl El US]- In P] the statistical CMB analysis is extended 
to the binary tetrahedral space T and the binary octahedral space O. The central 
result is that all three polyhedral spaces lead to a significant suppression of large-scale 
correlations described by the S statistics of a factor of ~ 0.11 compared to the simply 
connected spherical 3-space S 3 . This factor is achieved at f2 to t — 1-07, f2 tot ~ 1.04, 
and f2 tot ~ 1.02 for the spaces T, O, and X, respectively. In the following we analyse 
the statistical properties on large angles $ of the polyhedral double-action manifolds in 
order to address the question how strong these spaces suppress the CMB correlations 
in terms of the S and I statistics. Since they are based on the three polyhedral spaces 
with very low values of the S statistics, they also could yield promising models for the 
description of our Universe. 

The figured] shows Smin^p) defined in eq. ( fT3|) where the minimum of the S statistics 
is taken over all observer positions (a, p) possessing distinct CMB ensemble averages. 
The four panels show 5 , m i n ( Q , iP ) for all polyhedral double-action manifolds whose group 
order is below 1 000. The 13 double-action manifolds based on the binary tetrahedral 
space T are distributed over the panels (a) and (b) in ascending order. The correlation 
measure Smm^p) of the binary tetrahedral space T = TZ(2A, 1) is shown in panel 
(a). Its first minimum occurs at fl tot ~ 1.07 and lies outside the displayed range 
^tot G [1.001,1.05]. The minima of the three binary polyhedral spaces T, O, and X 
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Figure 1. The minima 5*min(a,/9) of the S statistics defined in ecj. f|13p are shown for 
all polyhedral double-action manifolds up to a group order of 1 000 as a function of 
the total density fitot- The horizontal grey line at 0.11 allows the comparison with the 
minima of the polyhedral spaces T = TZ(24, 1), O = OZ(48, 1), and 1 = IZ(120, 1) 
whose fitot-dependent values are shown as full black curves. 



lie close together about a value of 0.11 which is indicated by the horizontal grey line. 
A significantly stronger suppression of CMB correlations than for T is revealed by the 
spaces TZ(24,5) and TZ(24, 7). The space TZ(24, 11) behaves approximately as T. 
But for higher group orders n of the cyclic group Z n , a systematic increase of S m in(a,p) 
is observed, so that these models with larger values of n do not provide viable models 
for the description of our Universe. The figure HJb) shows this monotonic increase for 
the spaces obtained from Z 23 up to Z 41 . 

For the double-action manifolds derived from the binary octahedral space O, there 
are more interesting space forms as revealed by figure (He). The octahedral double- 
action spaces OZ(48, 5) to OZ(48, 17) possess an even stronger suppression for most of 
the considered values of Q t ot compared to O = OZ(48, 1). For the space O the strongest 
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^min(n tot ,o,p) 


iJ tOt 


P 


Ot 




n nsn 


1 D44 


n 141 




OZ(48 7) 


D 048 


1 036 


134 


785 


OZ(48,ll) 


0.032 


1.038 


0.141 


0.785 


OZ(48, 13) 


0.030 


1.038 


0.141 


0.785 


OZ(48, 17) 


0.035 


1.040 


0.157 


0.785 


OZ(48,19) 


0.040 


1.040 


0.778 


0.481 


7Z(120,7) 


0.075 


1.021 


0.126 


0.628 



Table 2. The parameters fitot,P, Q for which ^^(Ot^.a^) reveals a local minimum 
are listed for the 6 double action manifolds OZ(24, n), n = 5,7, 11, 13, 17, and 19 and 
for the double action manifold IZ(120, 7). 

CMB suppression occurs close to Q tot = 1.04. Several octahedral double-action spaces 
possess values of S , min ( Q , iP ) that are even lower than the best value of ~ 0.11 of the three 
binary polyhedral spaces T, O, and I, see the interval fl to t £ [1-03, 1.04] in panel (c). 
As can be read off from the figure, the octahedral double-action manifolds OZ(48,n), 
with n = 7, 11, 13, 17, and 19 have suppression factors below 0.11. The space with 
n = 5 obtains its minimum slightly above f2 tot = 1.04. The table [2] lists the positions 
corresponding to the minima 5 m j n (n t t , a ,p)- Except for OZ(48, 19) the minima occur 
at nearly the same positions in the a-p plane. Furthermore, the correlation measure 
*Smin(a,p) of the space OZ(48, 19) displays a similar behaviour as those of O for smaller 
values of fi tot . In contrast to the tetrahedral double-action manifolds TZ(24,n), there 
is no simple behaviour with respect to the increase of S , m i n ( Q , iP ) in terms of n for the class 
OZ(48,n) for n < 19. 

There exists only one icosahedral double-action space 7Z(120, n) whose group order 
is below 1 000, and that is the space JZ(120, 7). Its behaviour is compared to the binary 
icosahedral space X = 7Z(120, 1) in figure [Tj(d). It is seen that the suppression is more 
pronounced for 7Z(120, 7) than for X. As it was the case for some octahedral double- 
action spaces, there is again a density range Q tot with a suppression stronger than 
~ 0.11. The table [2] gives the position of the minimum at f2 tot = 1.021 which is slightly 
larger than the values close to f2 tot = 1.05. 

Therefore, among the polyhedral double-action spaces are examples for 
multiconnected spaces that display a large suppression of CMB correlations for angle 
separations larger than $ > 60°. 

While we have just discussed the correlation measure S, which provides a direct 
description of the large-angle behaviour of the multiconnected spaces, we now turn to the 
integrated weighted temperature correlation difference /, defined in eq. ffl4|) . It reveals 
how well the ensemble averages of the correlation functions C(i?) of the double-action 
spaces match C ohs ($), which derives from the observed single realisation of the CMB sky 
admissible to us. The minima I m m(a,p) (^tot) are shown for all polyhedral double- action 
spaces up to the group order 1000 in figures [2] and [3] as a function of f2 tot . The curves 
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Figure 2. The minima / m in(a,p)(^tot), defined in eq. (fT5)l , are shown for the 
tetrahedral double-action manifolds TZ(24,n) in panels (a) and (b), the octahedral 
double-action manifolds OZ(A8, n) in panel (c), and for the icosahedral double-action 
manifold IZ(120, 7) in panel (d). The double-action correlation functions are compared 
to the observed correlation function C obs ($) obtained from the WMAP 7 year ILC map 
without applying any mask. The full grey curve shows /(f^tot) for the spherical 3-space 
S 3 , i.e. for the simply connected space. 



belonging to the multiconnected spaces should be compared to the simply connected 
case, i. e. the spherical 3-space S 3 , which is shown as the almost horizontal grey curve in 
figures [2] and |3j The double-action correlations describe the observed data better than 
those of the simply connected space if they lie below the full grey curve. 

The tetrahedral double-action manifolds TZ(2A, n) are displayed in panels (a) and 
(b) of the figures [2] and EJ The general trend for the increasing strength of the correlations 
with increasing group order n of the cyclic group Z n , which was already discovered in 
the analysis of the 5* statistics, is also reflected in the behaviour of / m in(a,p)(^tot)- The 
spaces TZ(2A, 5) and TZ(2A, 7) give a better match to the observed data than the 
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Figure 3. This figure also shows imin(a,p)(^tot) as in figure [3J but now the observed 
correlation function C obs ($) are obtained from the WMAP 7 year ILC map by applying 
the KQ75 mask. 



binary tetrahedral space T which in turn describes the data better than the simply 
connected space. Except for values of f2 to t very close to one, the models with n > 20 
do not present interesting alternatives. Note that the quality of the match to the data 
deteriorates systematically with increasing values of n. Because of these large values of 
-f m in(a,p)(^tot), the panels [2(b) and [3(b) use a different scaling compared to panels (a), 
(c), and (d). 

The systematic behaviour shown in panels [2jb) and [3(b) is not repeated in the case 
of the octahedral double-action manifolds OZ(A8,n) which are displayed in panel (c). 
For fl tot below f2 tot ~ 1.025 there is a sequence of OZ(48,n) spaces which provides the 
best description of the data. With decreasing value of fltot, these are the spaces with 
n = 5, 7, and 11, see panels [2(c) and[3(c). For values of VL tot larger than 1.025, however, 
one finds in the case without a mask four spaces with smaller values of I m in(a,p)(^tot) 
which even beats the minimum of the binary octahedral space O. These are the spaces 
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p = 0, a = p = 0.691, a = 0.659 p = fj, a = 

# o r 

Figure 4. The Dirichlet domain of the tetrahedral double-action manifold TZ(24, 5) 
is shown as seen from three different observer positions. Two different projections are 
depicted for each observer position. At left the observer is at p — and a — 0, in 
the middle column the position is chosen to be at p — 0.691 and a = 0.659 which 
corresponds to the shape of the dodecahedron. The right column shows the Dirichlet 
domain where the first minimum occurs in S m i n ( a p ) at fitot — 1.15. 

OZ(48, 13), OZ(A8, 11), OZ(A8, 17), and OZ(A8, 19). Applying the KQ75 mask to the 
ILC data, also the curve belonging to the OZ(48, 7) space drops below that of the binary- 
octahedral space O. 

The icosahedral double-action manifold JZ(120, 7) does not lead to a better 
agreement with the data than the binary icosahedral space X at that value of f2 tot 
where the latter space has its minimum in / m in(o,p)(^tot)- But for smaller values of f2 tot , 
the space JZ(120, 7) describes the data better than X as can be seen in figures E^d) and 

Eld). 

The figures [2] and |3] bring out the quality of the description of the data with respect 
to the data of the full ILC map as well as to the data restricted by the KQ75 mask. 
The comparison between figure [2] and figure [3] reveals that the polyhedral double-action 
manifolds give a better match to the correlation function C obs ('(?) derived from the full 
ILC map. Furthermore, the positions of the minima of /min(o,p)(^tot) ^xe shifted to 
larger values of Q t ot when the KQ75 mask is applied. This behaviour is, for example, 
visible in the panels EJ^d) and E^d) where the binary icosahedral space I possesses a 
minimum at f2 tot ~ 1.016 without mask and at Q tot ~ 1.021 with KQ75 mask. This 
demonstrates that the choice of the available data leads to a range of variation so that 
only the general properties of the double-action manifolds can be inferred from figures [2] 
and [3j Therefore, one concludes that the most promising space forms are found among 
the octahedral double-action manifolds listed in table [2j 

In [3] we pointed out that the two prism double-action manifolds DZ(8, 3) and 
DZ(16, 3) possess for a special observer position a Dirichlet domain identical to the 
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Figure 5. The a-p dependence of the S statistics is displayed for the manifold 
TZ(2A, 5) at iltot = 1.02 normalised by the value S$3 of the simply connected space. 
The full square indicates the position p = 0.691 and a = 0.659 where the Dirichlet 
domain of the space TZ(24, 5) has the shape of the dodecahedron. 

binary tetrahedral space T and to the binary octahedral space O, respectively. The 
Dirichlet domain of the binary icosahedral space X does not emerge among the class of 
prism double-action manifolds. This Dirichlet domain, however, is obtained from the 
tetrahedral double-action manifold TZ(24, 5) again for a special observer position. In 
figure H] the Dirichlet domains of TZ(24, 5) are shown for three observer positions. At 
p = 0.691 and a = 0.659 the dodecahedron emerges which is also the Dirichlet domain 
of the binary icosahedral space X. Thus, the special Dirichlet domains of all three binary 
polyhedral spaces can be found within the class of the double-action manifolds. Also 
shown is the Dirichlet domain for that observer position where the largest suppression 
of CMB correlations on large scales occurs as measured by S m m(a, P )- This minimum, 
which is obtained at f2 tot ~ 1.15, corresponds to the Dirichlet domain shown at the right 
hand side of figure HJ Remarkably, it is not the most regular Dirichlet domain which 
thus demonstrates that oddly shaped domains can lead to a stronger CMB suppression 
than well-proportioned ones. 

This point is emphasised by figure |5] where the correlation measure 5* is plotted for 
Q tot = 1.02 in such a way that the full observer dependence can be inferred. The value 
of f2 tot = 1.02 is selected because at that value the binary icosahedral space X provides 
the best description of the CMB correlations. The figure reveals a region in the a-p 
plane where the correlation measure S yields values larger than those of the simply 
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connected <S 3 space. But besides this region around a = and p = 0.5, the values of 
S drop to values as low as 0.4. The minimal values are obtained for three positions 
at (a,p) ~ (0.63,0.74), (a, p) ~ (vr/3,0.24), and (a,p) ~ (tt/3,0.38). Although the 
position a = 0.659 and p = 0.691 with the dodecahedral Dirichlet domain is not very 
far from one of the three minima, it is nevertheless not the position giving the minimum. 

4. Summary and Discussion 

This paper analyses the large-scale correlations in the CMB sky for the polyhedral 
double-action manifolds. With this analysis, the CMB correlations are finally 
investigated for all double-action manifolds since those belonging to the lens spaces 
and to the prism double-action manifolds are already studied in [2] and [3]. The large- 
scale correlation measure ( fTBl is used in order the search for spaces with a significant 
suppression of correlations in the CMB anisotropy on scales above $ > 60°. This 
quantity is normalised to the simply connected spherical space S 3 . The lens spaces 
L(p, q) can lead to a suppression relative to S 3 by a factor of about ~ 0.5 [2]. The lens 
spaces with such a large suppression have lenticular fundamental cells whose two faces 
have to be rotated by a relative angle of ~ 101° or ~ 137° before the faces are identified. 
Among the prism double-action manifolds DZ(p,n), there are spaces with even smaller 
large-scale correlations with suppression factors in the range 0.3 . . . 0.4. The three best 
candidates are DZ(8, 3), DZ(16, 3), and _DZ(20, 3) j3]. Although this CMB suppression 
is remarkable, it is less pronounced than in the cases of the three binary polyhedral 
spaces T, O, and X where the suppression factor is of the order of 0.11. 

The three binary polyhedral spaces T, O, and I lead to the three classes TZ (24, n), 
OZ(48,n), and IZ(120,n) of polyhedral double-action manifolds. The analysis of this 
paper shows (see figure [Q that several polyhedral double-action manifolds can possess 
even stronger suppressions than those found in the three binary polyhedral spaces. From 
these spaces, the octahedral double-action manifolds OZ(48,n) with n = 7, 11, 13, 17, 
and 19 have suppression factors below 0.11 for Q tot in the range f2 tot = 1.03... 1.04. 
The icosahedral double-action manifold 7Z(120, 7) also reveals an interesting behaviour 
with a suppression factor below 0.11 close to Q tot = 1.02. The tetrahedral double- 
action manifolds TZ(24,n) do not provide comparable candidates to explain the low 
correlations on the CMB sky at large angles. They possess such small suppression factors 
only for significantly larger values of the total density f2 tot which are beyond the range 
considered in this paper. Some TZ(24,n) spaces have nevertheless CMB suppressions 
comparable to the prism double-action manifolds DZ(p, n) mentioned above. 

The ensemble averages of the correlation functions C(d) of the polyhedral double- 
action manifolds are also compared to the observed C ohs (i9) using the / statistics. This 
analysis confirms the result obtained from the S statistics. 

Concluding, there are five octahedral double-action manifolds and one icosahedral 
double-action manifold with a group order below 1 000 with a pronounced suppression 
of CMB correlation on large angular scales which deserve further investigations. 



Cosmic Topology of Polyhedral Double-Action Manifolds 
Appendix A. Matrix Representations of SU(2, C) 

Every matrix u G SU(2, C) can be written as 

w + i z i (x — iy) 
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u = lw + i a x x + i a y y + i a z z 



i (x + iy) w — iz 



(A.l) 



with the restriction w 2 + x 2 + y 2 + z 2 = 1. Here the Pauli matrices are denoted by 
1 \ / -i 



o, 



10/ ' ° v ~ \ i 



and a z 



1 
-1 



and 1 is the identity matrix. Since SU(2, C) can be identified with the 3-sphere S 3 , 
the matrix u can be interpreted as a coordinate matrix which describes points on 
the 3-sphere S 3 with the Cartesian coordinates (w,x,y,z). An alternative choice of 
coordinates (p, a,e) on S 3 is related to these Cartesian coordinates (w,x,y,z) by 



x 

y 

\ z ) 

with p G [0, 7r/2], a, e G [0, 2tt]. In terms of the coordinates (p, a, e), the matrix u reads 



cos p cos a 
sin p sin e 
sin p cos e 
\ cos p sin a J 



(A.2) 



cos p e r sin p e ' 
— sin p e~ le cos p e" 

This parametrisation of a SU(2, C) matrix is used for the transformation t in section[2j 
see eq. ((7|). It facilitates computations involving the Wigner polynomials since the matrix 
elements of u(p, a, e) are given by D±^, 2 ±1 , 2 ( u )- 

However, for the analysis involving the spherical coordinates (r, 9, i 
convenient to use 

I w\ ( COS T \ 

sin t sin 9 cos < 
sin r sin 9 sin < 
sin r cos 9 



it is more 



x 

y 

\ z J 



\ 



J 



with t, 9 G [0, 7r], G [0, 27r]. Then, the matrix u = w(r, 0, 0) reads 
u(r,9,(b) = 



cos r + i sin r cos i sin r sin 9e ^ 
i sin r sin e 1 ^ cos r — i sin r cos # 



(A.3) 



The origin of the coordinate system (w,x,y,z) = (1,0,0,0) = 1 can be shifted 

to the point u(r,9,<p) using the transformation g(r,9,<f)) : 1 — > u(r,9,(p) = 
9a 1 ( T , Q, 4>) 1 9b(r, 9, 0), where 

g(r,9,(f>) = {g a (r,e,<l>),9b(T,e,<f>)) (A.4) 
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with 



9a(r,9,(f>) = 

and 




Appendix B. Eigenmodes on the 3-Sphere in the Spherical Coordinates 

The aim of this section is to derive the factorisation of the eigenmodes of the Laplace- 
Beltrami operator in terms of the usual spherical harmonics Yi m (9,4>) and a radial 
function, and furthermore, to find a Fourier expansion for the radial function [J], which 
simplifies the numerical computation of the eigenmodes of multiconnected spaces. 
The eigenmodes are given in spherical coordinates as 

tf ilm (T,M) := (T,e,<t>\j;i,m) = (o,o,o\D(T,e,<p)\ r ,i,m) (b.i) 

with D(t,9,4>) = e 1T( -~ Jaz+Jb ^ e ie ^ Jay+Jb «^ e 1 ^ Jaz+Jb ^ . In spherical coordinates, D(r,9,4>) 

shifts the origin (0,0,0) to the point (r,9,(f)), where the matrix representation 

of this transformation is given by eq. ( 1A.4I) . Using the completeness relation 
Ylvm> \j] I' i m ')(j'i V t m '\ — 1) one can rewrite 

% m (<r,0,0) = ^^• / w(O,O,O)(j;r,m / | J D(r,e,0)|j;/,m) , (B.2) 

I'm' 

where ^// m / (0,0,0) = (0, 0, 0|j; l', m'). Because of the factorisation ^ji m (r,9,<p) ~ 
R l p(r)Y lm (9, 0) with p = 2j + 1, I = 0, . . . , p - 1, one gets the property % m (0, 0, 0) ~ 
5i t0 5 m fl from the spherical harmonics Yi m (9, (f>) and from R l p{j) as defined in Eq. (A. 21) 
in [20]. This simplifies flB~2l) to 

V jlm (T,6,(f>) = * iOO (O,O,O)O';O,O|£)(r,0^)|j;Z,^) • (B.3) 
With the help of the completeness relation J2m' m' \j^ m 'a^ m 'b)(ji m 'a^ m 'b\ = 1 an d the 

a 5 

eigenvalue equation (j; m' a , m' b \e 1T ^~ Jaz+Jb ^ = (j; m' al m' b \e 1T (~ rna+mb \ the matrix element 
is manipulated 

{j;l',m'\D(T,9,(j))\j;l,m} 

= ^]l\m\j]m' a ,m b ){j]m a ,m' b \D(T,9,(p)\j]l,m) 

m' mi 

a b 

m' a m' b 

= e ir (- m ^)(j;m' a ,m;|D(O,^,0)|j;m:,m' 6 ') (B.4) 

™'a m 'b m 'L m b 

x (j ;l',rn' \j ; m' a , m' b ) (j ; m", m b \j;l,m) . 
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Because of the product relation Q, one gets 
(j; m' a , m' b \D(Q, 6, </>)\j; m", m' b ') 

= (jm' a \e ieJa y e i<t>J -\jm'^(jm' b \e WJb y e 1<t>Jb *\jml) 

= D Lrn^dA)D^ m ,, (0,9 A) 

= Y,(r,K,<\rJ'',rn')(rJ'\m''\r,m:,ml)D^^o,e,<i ) ) , 

I" 

where the eq. (4.3.1) in [7] has been used. Here, the abbreviations m' := m' a + m' b 
and m" := m" + m' b ' have been introduced. Inserting this result into (IB. 41) leads with 

a & 

(r,l',m'\D(r,6,<P)\ r ,l,m) (B.5) 
= J2 e<~ m ^<)(rJ\rn'\ r ^m' b )(r,K^ ■ 



m' a m' b 



Using the simplified matrix element ( IB. 51) . the eigenmode (1B.3[) is expressed as 
* jlm (r, 9, 0) = tf ioo (0, 0, 0) D* tm {0, 6, 0) 

x E e~ iT2m "0'; o. OU; < -O 0'; < *, o> . 



With the relation D^O, 0» = sJ^p[Y lm (6, 0), Eq. (4.1.25) in [7J, the normalisation 

of the eigenmode % im (r, 0, 0) = Rj,(T)Y lm (9,<f>) to <S 3 leads to V j00 (Q, 0, 0) = yj 
which is chosen to be real. Then the Fourier expansion of the radial function R l p(r) can 
be read off as 



R l p(r) 



<2(2j + iy 



7T 



(21 



]T £0'"O - "WOX* - <|/0>e- B ™i , (B.6) 



where /3 = 2j + 1 and the notation of the Clebsch-Gordan coefficients have been 
introduced. The radial function RI(t) differs from R l p(r) used in [20] by a phase factor 



according to RI(t) = (— \) 1 RI(t) 



Appendix C. Eigenmodes on Binary Polyhedral Spaces 

The eigenmodes of the binary polyhedral spaces are already investigated in [2"Tl [221 H]- 
These eigenmodes can also be computed as the special case n — 1 of the ansatz (jfJJ), 
which incorporates the action of the generator of the cyclic group Z n and the action of 
the first generator (J2J) of the binary polyhedral groups T*, O*, or I*. These deck groups 
lead to the spaces M = TZ(2A, 1), OZ(48, 1), and OZ (120, 1). 

At first, the ansatz ([6]) is expressed in terms of the spherical coordinates (r, 0,0). 
Using the completeness relation J2i m 1.7 i ^ m )(j! = 1 one gets with eq. (IB. II) 

^>,m 6 ( r > 0, 0) : = ( r > 0, ^b; S > m b) 

E a ma^(3^a3m b \lm)^ji m (T,9,())) 

m a =0 mod JV ( 
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with \rrib\ < j, N = 3 (binary tetrahedral space), iV = 4 (binary octahedral 
space), or iV = 5 (binary icosahedral space). In the next step, the eigenmodes 
^jim(T,0,(j)) = R l ^(r)Yi m (9,(f)) are expressed by the Fourier expansion ( IB. 61) . To 
constrain the coefficients at, , the invariance of the eigenmodes under the action of 
the second generator of the binary polyhedral group is taken into account by requiring 
^>,m(,( r > 02, 02) - ^j>,m 5 ( T + r 2, #2, 02 ) = 0, which leads to 



2 (2j + l) 2 

m a =0 mod AT lm' a V ^ ' 

x (jm' aJ - m' a \m){l - e- i2 ^)e- i2 ™^ m (^ 2 ,0 2 ) = . 
This equation written as A m i e~ l2Tm ' a = has to be valid for every value of r. 

— ''"a a 

Therefore, each coefficient A m i a with m' a = —j, . . . , j has to vanish identically, and one 
gets 2j + 1 equations 



2 (2j + l) 2 

Yl a m a ^(jmajmbllm) J . (jm'j - m' a \00) (C.l) 

m a =0 mod N I \ \ ' ) 

x (jm'j - m' a \m){l - e- i2 ^)Y lm (02,<p2) = . 

The solution a s ma is independent of nib, since the generators of the binary polyhedral 
group act only on \j,m a ), see ansatz flBj). The set of equations for a s ma with m a = kN 
and \m a \ < j, k G Z can be numerically solved using a singular value decomposition 
routine by choosing the value m b = (see also (E.14) in [1]). 

The eigenmodes of the binary polyhedral spaces are given in terms of the spherical 
basis Vjimir, 0, <p) by 

V#fo W) = EE &M) * jlm (r, e, 0) 

2=0 m=-l 

$*(M) = {jm a jm b (i)\lm)a^ (C.2) 
with m a + m& = m , m a = mod N and \m a \, |m&| < j , 

where z counts the degenerated modes. Since these manifolds are homogeneous, the 
eigenmodes can be chosen independent of the observer position. Note, that an additional 
phase factor (— i)' has to be taken into account with respect to the radial function of 

EDI. 



Appendix D. Eigenmodes on Polyhedral Double- Action Manifolds 

In this section the eigenmodes of the Laplace-Beltrami operator on the polyhedral 
double-action manifolds M. = TZ(24, n), OZ(48, n), and IZ(120, n), n > 1, are derived 
in terms of the spherical basis (IB.lj) . The action of the cyclic group Z n onto the ansatz <^ 
does not depend on the action of the polyhedral groups. Therefore, using the ansatz (j6]), 
the eigenmode for the observer position defined by the transformation t is obtained 

^(T,M):=tf(OV#(r,M = {r,d,<j>\D{r l )\j,i) 
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E a^ a {T,e,(j>\D(r l )\r,m a ,m b (i)) 

m a =0 mod N 

with 2 = mod n 

in terms of the spherical coordinates (t, 9,(p). Here, the solutions a s ma are determined 
by the set of equations ( 1C.1I) . Because of the condition 2mj = mod n, the manifolds 
with n > 1 are inhomogeneous. For this reason an observer dependence has to be taken 
into account by the translation D(t~ v ) = e i{ -~ a+ ^ J ^ e l \- 2 P) Jby e i{-a-e) J bz -which ac t s only 
on the states \j, m h ). Inserting the completeness relation J2 lm \j;l,m)(j;l,m\ = 1, the 
eigenmodes can be rewritten in terms of the spherical basis *S?ji m (r, 9, 0) 

^f(r,M) = E E a S OV,H^r 1 )li;^a,m 6 (z))^ m (r,e,0).(D.i) 

Im m a =0 mod N 

In the next step the completeness relation Ylim \j, rhb)(j, Thb\ — 1 an d eq. ([9]) are used 
to obtain the final expansion 

1=0 m=-l 



tH(M;t) =Y,^ m ^ lm ) a t D Lrn b ^- 1 ) (D.2) 

rh b 

with m a + rhb = m, m a = mod N, 2m& = mod n, and \m a \, |m&| < j. The condition 
m a = mod N can be interpreted in such a way that the coefficients am} vanish for 
m a 7^ kN with k £ Z. This expansion corresponds to eq. dSJ. The eigenmodes of 
the inhomogeneous manifolds M. = TZ(24,n), OZ(48,n), I Z (120, ri) are expressed in 
this way by the coefficients a s m of the homogeneous spaces TZ(2A, 1), OZ(48, 1), and 



IZ(120, 1), whose computation is described in Appendix C 



In the numerical evaluation of eq. ( llOp . we make use of the invariance (a — e) — > 

— (at — e), which we would like to derive now. To that aim consider the transformation of 

the complex conjugated eigenmode tpjf(r, 9, 4>) = D(t _1 )(^j^(r, 9, (ft))*. The derivation 

J.M 

2j I 



which leads to (1D.2|) can be repeated for ip which results in 



1=0 m=-l 

%i(M;t) =(-l)' +m E^^^-^)(4i ) r^, mbW r 1 ) . ( D -3) 

rh b 

where the relation ^* lrn (r, 9, 0) = (— l) l+m ^! ji^ m (r, 9, <fi) is used. Here and in the 
following the same conditions are imposed as stated below ( ID. 21) . The required sum 
( fTUj) reads now 

1 1 2 

~l E E \&M;t) 



21 , 

m=—l 1=1 
1 I r"{0) 

~ 21 + 1 5^ 5^ 

m=—l i=l 



rh b 
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21 + 



1 l r"(P) 



£<jmjm t |(m) a*> e 1 ** «-<> d'^ mt{lj (-2p) 



where in the last step the summation index is changed from — m to m and the terms 
within the modulus are replaced by their complex conjugated counterparts. This sum is 
obtained from the equivalent basis (ID. 31) . and thus refers to the same observer position 
as the sum given in ( fTOl) . which in turn have to be identical. This can only be achieved 
if the symmetry (a — e) — > — (a — e) applies as a comparison with ([TO]) shows. 
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